ABSTRACT. For a gerbe Y over a smooth proper Deligne-Mumford stack B banded by a finite group G, we prove a structure result on the Gromov-Witten theory of Y, expressing Gromov-Witten invariants of Y in terms of Gromov-Witten invariants of B twisted by various flat U (1)-gerbes on B. This is interpreted as a Leray-Hirsch type of result for Gromov-Witten theory of gerbes.
1. INTRODUCTION 1.1. Gerbes. Gerbes arise naturally in the study of stacks. Every stack with non-trivial generic stabilizers is a gerbe over another stack, see e.g. [10] , [1] . Inspired by the Physics paper [15] , we studied thoroughly in [28] the noncommutative geometry ofétale gerbes. The purpose of this paper is to study an aspect of quantum geometry ofétale gerbes. The main result is a complete determination of Gromov-Witten theory of a large class ofétale gerbes called banded gerbes.
Let B be a smooth proper Deligne-Mumford stack. Let G be a finite group. A gerbe Y → B is banded by G if the associated Out(G)-torsor over B admits a section. It is well-known, see e.g. [14] , [20] , [11] , that the isomorphism class of such a gerbe of Y → B is classified by the cohomology group H 2 (B, Z(G)), where Z(G) is the center of G. See Section 2.1 for a review. In this paper, such a Y is called a banded G-gerbe over B.
Gromov-Witten theory.
The Gromov-Witten invariants of Y are intersection numbers on moduli spaces of stable maps to Y, see [2, 3] , [12] , [29] for introductions. Let where [M g,n (Y, d)] vir is the weighted virtual fundamental class used in [2] and [29] .
Let G be the set of isomorphism classes of irreducible unitary representations of G. For each ρ ∈ G, a locally constant U (1)-gerbe c ρ on B is constructed in [28] . The class of c ρ in H 2 (B, U (1)) is determined by the class of Y → B via the map H 2 (B, Z(G)) → H 2 (B, U (1)) where Z(G) → U (1) is given by the restriction of ρ to Z(G).
By [24] , [19] , the holonomy of the gerbe c ρ defines a line bundle L cρ → IB. By [24] , there is a canonical trivialization θ :
Let H • (IB, L cρ ) be the cohomology of IB with coefficients in L cρ . For ϕ 1 , ..., ϕ n ∈ H • (IB, L cρ ) and a 1 , ..., a n ∈ Z ≥0 , one can associate the c ρ -twisted Gromov-Witten invariant 
1.3.
Results. In [28] , an additive isomorphism (1.1)
I :
was obtained. For δ ∈ H • (IY), I(δ) decomposes accordingly:
The following is the main result of this paper. The following comments are in order.
(1) Theorem 1.1 confirms the decomposition conjecture/gerbe duality stated in [28, Conjecture 1.8] .
The decomposition conjecture was studied previously for certain classes of gerbes in [6, 7, 8] , [17] . Theorem 1.1 recovers and extends all of these works. (2) A G-gerbe Y → B may be interpreted as a fiber bundle over B with fibers BG. In this point of view, Theorem 1.1 can be understood as a "quantum Leray-Hirsch" result, as it determines the Gromov-Witten theory of Y in terms of Gromov-Witten theory of B and information about the fiber BG. 1.5. Plan of the paper. The proof of Theorem 1.1 is given in Section 2. The abelian case, Theorem 2.2, is proven in Section 3. Theorem 2.3, which concerns the twisted theory of a product, is proven in Section 4. Section 5 is devoted to the detailed study of liftings of stable maps to a gerbe, and a proof of the required pushforward formula for virtual fundamental classes. Appendix A is concerned with virtual pushforward property. Appendix B derives a counting formula needed for the degree computation. Appendix C discusses gerbe-twisted Gromov-Witten theory of a classifying stack.
Notations and conventions.
For a Deligne-Mumford C-stack X , its Chen-Ruan orbifold cohomology is defined as H
•
CR (X ) := H • (IX ).
If c is a flat U (1)-gerbe on X , the holonomy of c defines a line bundle L c on IX . The c-twisted Chen-Ruan orbifold cohomology of X is defined as
Let B be a proper DM stack over C. Let π : Y → B be a banded G-gerbe. Let ( Y, c) be the dual pair considered in [28] . Since the G-gerbe Y → B is banded, the following description holds:
In this paper, the Gromov-Witten theory of a stack X is defined with insertions coming from the cohomology of the inertia orbifold IX , as opposed to the rigidified inertia orbifoldĪX . This version of Gromov-Witten theory is described in [2] and [29] , and uses weighted virtual fundamental classes on moduli spaces of stable maps.
In this paper, a smooth Deligne-Mumford C-stack and its corresponding complex projective orbifold are treated as synonymous. Accordingly, all the orbifolds are equipped with canonical symplectic structures, coming from the Kähler structures, so that the results in [28] can be applied.
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DECOMPOSITION OF GW-INVARIANTS
2.1. Structure of a banded G-gerbe. Following [22] and [28] , we represent the orbifold B by a propeŕ etale groupoid Q ⇒ M whose nerve spaces Q (•) are disjoint unions of contractible open subsets of R n . A G-gerbe over B can be represented by an extension
Following [28, Sec. 4.2] , by a smooth section
such that j • σ = id, we can write the groupoid H as G ⋊ σ,τ Q, where τ is a nonabelian 2-cocycle on Q with value in G. More concretely, τ satisfies
As every component of Q is contractible, H is diffeomorphic to G × Q as a topological space. We choose the obvious splitting map σ : Q → H = G × Q by mapping q to (e, q), where e is the identity of G. As G is a normal subgroup(oid) of H, the conjugation of (e, q) on G gives an automorphism of G. Following the discussion and notations in [28, Sec. 3 and 4] , the groupoid structure on H can be written as
Recall that (2.1) (e, q 1 )(e, q 2 ) = (τ (q 1 , q 2 ), e)(e, q 1 q 2 ), and
As the splitting σ is continuous, the map Q → Aut(G) by q → Ad (e,q) is locally constant. We have assumed that Y is a banded G-gerbe over X . Therefore, there is a continuous (locally constant) map ϕ : Q → G such that Ad ϕ(q) = Ad (e,q) .
Eq. (2.1) implies
where
Therefore, with the new splitting σ ′ , the conjugation Ad σ ′ (q) is the identity automorphism with τ ′ taking value in the center of G. Furthermore, as Ad σ ′ (q) is the identity automorphism, Eq. (2.2) implies that τ ′ is a Z(G)-valued 2-cocycle on Q. As the map σ ′ is locally constant, the cocycle τ ′ is also locally constant. It is easy to observe that if τ ′ is a coboundary, then the G-gerbe is trivial. Therefore, banded G-gerbes over Q are classified by H 2 (Q, Z(G)). Let Z(G) be the center of G, and K be the quotient group G/Z(G). We have the following short exact sequence of groups
Therefore, G is a central extension of K by Z(G). Such an extension is classified by the group cohomology
Using ν, we can write an element of G in term of (z, k) such that
Without loss of generality, we assume that ν is normalized, i.e. ν(1, k) = ν(k, 1) = 1. Let B be an orbifold presented by a properétale groupoid Q ⇒ M . And let Y be a banded G-gerbe over B. Following the previous discussion, we can present Y by a properétale groupoid H satisfying
And H consists of pairs (g, q) with g ∈ G, q ∈ Q, satisfying
where τ is a Z(G)-valued 2-cocycle on Q. Without loss of generality, we assume that τ is normalized, i.e. τ (1, q) = τ (q, 1) = 1.
Using the description of G in (2.3) and (2.4), we write H
Then we have the following two exact sequences, i.e.
Eq. (2.5) shows that H is a central extension of K ⇒ M by Z(G), determined by the Z(G)-valued 2-cocycle µ; and Eq. (2.6) shows that K is the product of Q ⇒ M with the group K.
Discrete torsion.
Let Z := Z(G) be the center of G. Following (2.3) and (2.4) of G, we write G = Z × ν K, where ν ∈ Z 2 (K, Z) is a Z-valued 2-cocycle on K. Let G be the set of isomorphism classes of irreducible unitary G-representations, and Z be the set of isomorphism classes of irreducible unitary Z-representations. Z can be identified with the set of simple characters on Z, i.e. group homomorphism ρ : Z → U (1) ⊂ C. Given ρ ∈ Z, ρ • ν is a U (1)-valued 2-cocycle on K. Let K ρ•ν be the set of irreducible ρ • ν-twisted unitary representations of K. We have the following description of G.
Lemma 2.1. There is a natural isomorphism of sets
Proof. Let α be an irreducible unitary G-representation. As Z is the center of G, for any element z, α(z) commutes with the G-representation. Since α is irreducible, α(z) must be a scalar multiple of the identity operator. Hence, the restriction of α to Z is of the form α(z) = ρ α (z)Id ∀z ∈ Z, where ρ α is a character on Z. For k ∈ K, by the identification (2.4), (1, k) is an element of G. The following computation shows that the map α ′ : k → α(1, k) defines a twisted representation of K with respect to the cocycle ρ α • ν,
We observe that an operator T commutes with the ρ α • ν-twisted representation α ′ of K if and only if T commutes with the representation α of G. Therefore, as α is irreducible, so is α ′ . Define the map Ψ by mapping α to
The following computation shows that α is a representation of G,
Observe that an operator T commutes with the representation α of G if and only if T commutes with the ρ•ν-twisted K-representation β. As β is irreducible, it follows that the representation α is also irreducible. Accordingly, define a map Φ :
It is straight forward to check that Ψ and Φ are inverse to each other, and provide the desired isomorphism.
We extend this discussion to the study of H ⇒ M . Following the extension (2.5), we view Y, which is represented by H, as a Z(G)-gerbe over Z, which is represented by
Y Z is equipped with a discrete torsion, which is represented by a locally constant U (1)-valued 2-cocycleĉ on K defined bŷ
As K is of the product form K × Q ⇒ M , with a product type Z(G)-valued 2-cocycle µ = ν ⊠ τ , the cocycleĉ is also of product type, i.e.
where c λ,K and c λ,Q are respectively U (1)-valued 2-cocycle on K and Q. 
Let G be the set of isomorphism classes of irreducible unitary G-representations. Define a properétale groupoid Q to be G × Q with the unit space
Denote the restriction of c to the
Let Y be the Deligne-Mumford stack associated to H, and Y be the corresponding DM stack associated to Q.
Then Theorem 1.1 holds in this setting. More explicitly, let g ≥ 0, n > 0, and a 1 , ..., a n ≥ 0 be integers. Let β ∈ H 2 (B, Q) be a curve class. Let δ 1 , ..., δ n ∈ H • CR (Y). Then we have the following equality of GW invariants:
Proof. The proof is presented in Sec. 3.
Eq. (2.6) suggests that there is a product gerbe naturally associated to a G-gerbe on a smooth proper Deligne-Mumford stack. Let G be a finite group. Inspired by the discussion on the cocycle (2.7), we consider a discrete torsion (of a special form) on the product of a smooth proper Deligne-Mumford stack B with BG, and (twisted) Gromov-Witten invariants on the product . 
Let B and B be the Deligne-Mumford stacks associated with Q and Q. B is the product of BG and B, and
Let g ≥ 0, n > 0, and a 1 , ..., a n ≥ 0 be integers. Let β ∈ H 2 (B, Q) be a curve class. Let
Then there is an equality of twisted Gromov-Witten invariants:
is an isomorphism introduced in [27] .
Proof. The proof is given in Sec. 4. In particular, the isomorphism I is described there.
2.4.
Proof of Theorem 1.1. In this subsection, we use the results developed in Section 2.3 to complete the proof of Theorem 1.1. We start with recalling and summarizing the whole set up.
(1) Let Y be a banded G-gerbe over a smooth proper Deligne-Mumford stack over B, and Z(G) be the center of G. 
. On the groupoid K = K × Q ⇒ M , the U (1)-gerbe c λ is represented byĉ λ,K ⊠ĉ λ,Q , where c λ,K is a 2-cocycle on K and c λ,Q is a 2-cocycle on Q.
be the isomorphism introduced in [28, Theorem 4.16] . (7) Let Z λ be the dual orbifold associated to (Z λ , c λ,K ) as a trivial K-gerbe over B equipped with the U (1)-gerbe c λ,K . Let K λ be the set of isomorphism classes of c λ,K -twisted irreducible unitary K-representations. Z λ is decomposed as follows
where B λ,ν is isomorphic to B and equipped with a U (1)-gerbe c λ,Q . According to Lemma 2.1, we have the following identification,
be the isomorphism introduced in Theorem 2.3.
Lemma 2.4. The composition
agrees with the isomorphism 
where we have used the property that Z(G) is abelian and λ is 1-dimensional. Similar to I Z(G) , we have
Observe that tr(ν(k))λ(z) = tr(λ(z)ν(k)). By the proof of Lemma 2.1, λ(z)ν(k) corresponds to the representation ρ of G. Therefore, we conclude the following equation,
which gives the desired identification.
Proof of Theorem 1.1. Let δ 1 , ..., δ n be classes in H • CR (Y). By Theorem 2.2, we have
Applying Theorem 2.3, we have
Applying Lemma 2.1 and 2.4, we have
where we have used the fact that |G| = |Z(G)||K|. ✷
PROOF OF THEOREM 2.2
In this section, we present the proof of Theorem 2.2, which is a special case of Theorem 1.1 when G is abelian.
3.1. Formula for the isomorphism J = I −1 . In this subsection, we briefly recall the definition of the isomorphism I in [28] . For the interest of this section, we will assume that G is abelian.
Let G be the set of isomorphism classes of irreducible unitary representations of G. Because Y is a banded G-gerbe, the dual orbifold Y can be represented by
In [28, Sec. 4] , an isomorphism I from the Chen-Ruan orbifold cohomology of Y to the c-twisted Chen-Ruan orbifold cohomology of Y is introduced. We recall the explicit formula of I in the case that Y is a banded G-gerbe.
Let Q (0) be the subspace of Q consisting of arrows g ∈ Q such that s(g) = t(g). When the G-gerbe Y is banded, H (0) , the subspace of H (0) of arrows with the same source and target, is of the form
The inertia orbifold IY is represented by the action groupoid
, which is a trivial line bundle on Q (0) with an action by Q defined by
As Y is a banded G-gerbe over B, Ad σ(q) is the identity map, and T
[ρ]
q can be chosen to be identity map on V ρ . Furthermore, as ρ is irreducible and G is abelian, dim(V ρ ) = 1. Hence, we have the following formula for I in the case that Y is a banded G-gerbe,
Lemma 3.1. The quasi-inverse of the quasi-isomorphism
where π :
is the natural forgetful map from the loop space
Proof. Observe that the map π is a local diffeomorphism and tr(ρ(g −1 )) is locally constant. It follows that the map I −1 is compatible with the differential map, i.e.
We compute I • J(β) to be
where in the last equation, we have used the orthogonality between the two characters of G associated to ρ and ρ ′ . Similarly, we can compute that J • I = id. As I is an isomorphism on cohomology, we can conclude that J is the desired inverse of I.
Remark 3.2. A similar argument extends Lemma 3.1 to general groups G.
We leave them to the reader.
Pushforward of virtual classes.
Let Y → B be a banded G-gerbe, with G not necessarily abelian. We use l (and k) to denote a conjugacy class of the stabilizer group of Y (and B). Using the conjugacy class l, we decompose the inertia stacks IY and IB into unions of connected components as follows:
be the moduli space of n-pointed, genus g, degree d stable maps to Y (and B). For β ∈ H 2 (Y, Q) (and H 2 (B, Q)), we use M g,n (Y, β) (and M g,n (B, β) by composing β with π) to denote the moduli space of n-pointed, genus g, stable maps to Y (and to B) in the homology class β. The map π induces a natural map on the corresponding moduli spaces,
and
The n-marked points of a curve
We consider the following commutative diagram between moduli spaces:
To prove the Eq. (1.2), we will need the following relation between the virtual fundamental classes in Section 5.5.
Lemma 3.3. There is a rational number
The description of the number d− → l is given in Section 5. The proof of Lemma 3.3 is given in Section 5.5.
Proof of Theorem 2.2.
In this subsection, we present the proof of Theorem 2.2. In this subsection we assume that G is abelian. Fix ρ ∈ G, and denote the inner local system supported on the component
Let IB be the inertia orbifold associated to B, and B k ⊂ IB be a component of
We have the following two lemmas about the trivialization θ cρ * and degree d l . 
Proof. According to Theorem 5.11, the holonomy c =
As ρ ∈ G is 1-dimensional, ρ([x j , y j ]) = 1 for j = 1, · · · , g, and we have
The trivializing constant for the line bundle ev * B L ⊠n cρ is equal to
where c ρ is the line gerbe on B defined by ρ(τ ). Using the properties that G is abelian, and that ρ is a group homomorphism, we can directly check
which proves the desired statement.
Lemma 3.5. When G is abelian, d l is computed to be 
where c is
, and we can simplify the above expression to be
As G is abelian, each conjugacy class of G contains only one element. Therefore, we can further simplify the expression of d l to be
By the same argument as Lemma 3.4, we have
Therefore, we can simplify the expression of d l to be
Using the fact that | G| = |G|, we have
which gives the desired expression for d l .
By definition, we can write the left hand side of Eq. (1.2) as
where pt * stands for pushing forward to a point. Fix l 1 , ..., l n . By Lemma 3.1, we may compute the left side of the above equation as follows:
By the diagram (3.3), we have
And we can continue the above computation by
where in the last equation, we have used the functorial property of the descendants ψ j . By the pushforward of integral, we continue the above computation by
We apply Eq. (3.4) in Lemma 3.3 to compute the above expression.
Using Lemma 3.4 and 3.5, we can write
Substituting Eq. (3.6) back to Eq. (3.5), we have
Taking the sum over all possible l, we have
We summarize the above computation to the following equality.
which completes the proof of Theorem 2.2.
PROOF OF THEOREM 2.3
Let B be a smooth proper Deligne-Mumford stack over C represented by a properétale groupoid Q ⇒ M , and G a finite group. We have the following diagram
Let c 1 be a flat U (1)-gerbe on B and c 2 a flat U (1)-gerbe on BG represented by a U (1)-valued 2-cocycle on B and G. Define c 1 ⊠ c 2 := π * 1 c 1 ⊗ π * 2 c 2 to be a flat U (1)-gerbe on B × BG. The purpose of this section is to study the c 1 ⊠ c 2 -twisted Gromov-Witten theory of B × BG.
Given a stable map f : C → B × BG, stabilizations of the compositions π 1 • f and π 2 • f yield stable maps f 1 : C 1 → B and f 2 : C 2 → BG. This construction gives a map between moduli spaces of stable maps:
and L c 1 ⊠c 2 → I(B × BG) be the inner local systems associated to c 1 , c 2 , and c 1 ⊠ c 2 respectively, as constructed in [24] and recalled in (3.1). The definition of gerbe-twisted Gromov-Witten invariants in [24] involves trivializations of certain line bundles. More precisely, there are trivializations
). Using the constructions of these trivializations in [24] , it is straightforward to check that the following diagram is commutative:
.., a n ∈ Z ≥0 . Let C * (G, c 2 ) be the c 2 -twisted group algebra which is spanned by group elements of G with the following product rule,
Let Z(C * (G, c 2 )) be the center of the twisted group algebra C * (G, c 2 ). Consider a conjugacy class (g) of G. Let 1 (g) be the corresponding element in C * (G, c 2 ) of the form
It is not hard to check that 1 (g) is in the center Z(C * (G, c 2 )) of C * (G, c 2 ), if and only if c 2 (g, g ′ ) = c 2 (g ′ , g) for any g ′ ∈ G commuting with g. A conjugacy class (g) with such a property is called c 2 -regular. It is explained [26, Examples 6.4] that Z(C * (G, c 2 )) has an additive basis consisting of
, may be evaluated as follows. g 1 ), ..., (g n )) to the first and second factors respectively. Then it is straightforward to verify that
In the notation of Appendix C,
By the virtual pushforward formula, Lemma 3.3, we have
The result follows by the definition of Λ 
It is straightforward to check that the map a → a ⊗ f ρ gives the inverse to the isomorphism I : [27] . Therefore Eq. (4.6) implies Theorem 2.3.
DEGREE FORMULA
In this section, we explain the degree formula of the map
We remark that though in this paper we only need the result of the degree formula for an abelian group G, we have decided to develop the result for a general finite group G for potential future applications.
5.1.
Covering of an n-marked orbicurve.
) be an orbifold Riemann surface of genus g with n marked orbifold points x 1 , · · · , x n whose orbifold structure at x i (i = 1, · · · , n) is a cyclic group of order d i . In this subsection, we will describe an orbifold groupoid Q Σ presenting the orbifold Riemann surface (Σ, {(x i , d i )}).
We start with a smooth Riemann surface (Σ 0 , {x i } n i=1 ) of genus g and n marked smooth points x 1 , ..., x n . In the following, we construct a groupoid 
, and D i . Given a point g in Q Σ 0 , the source (and target) map is defined as follows
The above construction of the groupoid is theČech groupoid associated to the cover {B α , D i }. We leave it to the reader to check that Q Σ 0 ⇒ M is a groupoid.
Next, we consider an orbifold Riemann surface (Σ, {(x i , d i )}) of genus g with n marked points x 1 , ..., x n and Z d i := Z/d i Z-orbifold structure at x i , i = 1, · · · , n. We construct the orbifold groupoid Q Σ in the following steps as a modification of the above construction.
(1) Follow
Step (1)- (3) to choose D i , B i,J that cover the whole surface Σ.
(2) For each x i , choose D i to be a unit disk equipped with the
. Define X to be the disjoint union of all B α and D i . The arrow space G Σ consists of arrows of the following types.
Define the groupoid structure on Q Σ ⇒ X as follows.
With the above structures, it is not hard to figure out the definition of the product on G Σ , which we leave to the reader. We point out that the small disks D i and B α can be chosen to be sufficiently small such that the groupoid Q Σ and all its nerve spaces Q • Σ are disjoint unions of contractible open sets. Let Z(G) be the center of G, and BQ Σ be the classifying space of the groupoid Q Σ . A banded G-gerbe Σ over Σ corresponds to a class in H 2 (BQ Σ , Z(G)). With our construction, such a class can be represented by Z(G)-valued continuous 2-cocycle τ on the groupoid Q Σ . As Z(G) is finite, such a cocycle is locally constant.
Holonomy of a banded gerbe.
In this subsection, we introduce the notion of a holonomy for a banded G-gerbe Y Σ over an oriented orbifold Riemann surface Σ.
As is discussed in Sec. 5.1, we represent Σ by a properétale groupoid Q ⇒ M . Let Z(G) be the center of the group G, and τ be a Z(G)-valued 2-cocycle on Q. We assume that the orbifold Y := Y Σ is represented by the following groupoid
Without loss of generality, we assume that τ is normalized, i.e. τ (e, q) = τ (q, e) = 1 ∈ Z(G).
The groupoids H and Q satisfy the following exact sequence,
Let x be a point of M , and Q x be the stabilizer group of Q at x, and d x be the order of Q x . As Q x fixes x, Q x acts faithfully on T x M by rotation. Let q be the unique element in Q x that acts on T x M by counter clockwise rotation with angle 2π/d x .
Definition 5.1. Define the holonomy of
Given an U (1)-valued 2-cocycle on Q, we define the holonomy of (Y, τ ) at x ∈ M with the exactly same formula
Proposition 5.2. Let Z(G) dx be the subgroup of Z(G) consisting of group elements whose orders are divisible by d x , and Z x (G) be the quotient group Z(G)/Z(G) dx . (1) If there is a q ∈ Q with s(q) = x and t(q) = y, hol(Y, τ )(x) and hol(Y, τ )(y) are equal in
Proof. (1) Conjugation by q gives an isomorphism between Q x and Q y , i.e. q −1 gq ∈ Q y for any g ∈ Q x . Consider (1, q −1 )(1, g)(1, q) in H. It is computed to be
Therefore, (1, q −1 )(1, g)(1, q)(1, q −1 )(1, g)(1, q) can be computed in two ways. If we compute the multiplication in the middle first, we have
On the other hand, using Eq. (5.1), we have
Extending the above computation, [(1, q −1 )(1, g)(1, q)] dx can be computed in the following two ways. Generalizing Eq. (5.2), we have
Generalizing Eq. (5.3), we have
The desired equation follows from the identification of the two different computations.
(2) As τ and τ ′ are different by a coboundary, we have
When q 1 = q, q 2 = q k , we have
which implies the desired equation in Z x (G). 
Liftings of a banded orbicurve. Let
) be an orbifold Riemann surface of genus g with n marked orbifold points x 1 , · · · , x n whose orbifold structure at x i (i = 1, · · · , n) is a cyclic group of order d i . Let f : Σ → B be a map such that the induced map on the stabilizer group of Σ at every x i is injective for every i. Let Y be a banded G-gerbe on B. In this subsection, we compute the number of orbifold Riemann surface ( Σ, {(x i ,d i )}) n i=1 together with a mapf : Σ → Y and a covering map p : Σ → Σ satisfying the following diagram
Let Y Σ := f * Y be the pullback of Y along the map f . Then we are reduced to the following diagram
Furthermore, we pull Y Σ back to Σ via the map p : Σ → Σ, and have the following diagram
With the above diagram, to count the number of Σ satisfying (5.4), it is equivalent to count the number of coverings Σ together with sectionsf :
) as constructed in Sec. 5.1. A similar construction also defines a properétale groupoid Q Σ presenting the orbifold Σ together with a canonical map p : Q Σ → Q Σ . Let τ be a Z(G)-valued 2-cocycle on the groupoid Q Σ representing the orbifold Y Σ . p * (τ ) is a Z(G)-valued 2-cocycle on the groupoid Q Σ . The orbifolds p * Y Σ and Y Σ can be represented by the groupoids
where the map π : H Σ → Q Σ is the forgetful map by π(g, q) = q.
As we have chosen the covering of Σ sufficiently fine, we can represent the morphismf : Σ → p * Y Σ by a groupoid morphism from Q Σ to H Σ , which is called againf : Q Σ → H Σ . As π •f is the identity map, we can write the mapf : Q Σ → H Σ in the following formf (q) = (F (q), q), where F : Q Σ → G is a smooth map from Q Σ to G. We call two morphismsf 1 andf 2 equivalent if there is a map ϕ : X → G such that
where F 1 and F 2 from Q Σ to G are the components associated tof 1 andf 2 . The following proposition follows directly from definitions. Let X * be the disjoint union of B α in Sec. 5.1. The restrictions of Q Σ and Q Σ to X * coincide and present the smooth punctured Riemann surface Σ * . We denote this groupoid by Q Σ * , which is a subgroupoid of Q Σ and Q Σ . Let τ be the Z(G)-valued 2-cocycle on Q Σ that defines the gerbe Y Σ . The restriction of τ to Q Σ * is a Z(G)-valued 2-cocycle τ Σ * on Q Σ * . As the groupoid Q Σ * is Morita equivalent to Σ * which is homotopy equivalent to its 1-skeleton,
Hence, τ Σ * is a coboundary δϕ, where ϕ is a Z(G)-valued 1-cochain on Q Σ * . As Q Σ * is both open and closed in Q Σ , ϕ can be extended to a smooth Z(G)-valued 1-cochain ψ on Q by
Without loss of generality, we will work below with the modified cocycle τ − δψ on Q Σ whose restriction to Q Σ * vanishes. We will still call this cocycle τ , which pulls back to p * τ a cocycle on Q Σ . Recall that the groupoid Q Σ consists of arrows
satisfying the following multiplication rule
For each 1 ≤ i ≤ n, g i,1 is of order d i . Similarly, the groupoid Q Σ consists of arrows 
Recall thatf : Q Σ → H Σ is a groupoid morphism. Accordingly, we have the following equation
for q 1 , q 2 ∈ Q Σ . In term of the arrows g α,β ,g i,M ,g α,i,M ,g i,M,α , we have the following equations (5.5)
As F can be changed by a coboundary, without loss of generality, in the following computation, we always assume that F maps units in Q Σ to the identity element in G. Proof. This is a corollary from the first equation in Eqs. (5.5), i.e.
The remaining part of the proposition follows directly from the definition of principal G bundle.
In the following, we describe the topological conditions that the morphismf satisfies. Choose a base point x 0 in Σ. We first make a careful choice of generators of the fundamental group of the punctured surface
For each D i (i = 1, ..., n), choose a point w i on the boundary of D i , and a corresponding point z i on the boundary of D I which under the quotient map is mapped to w i . For each i choose a path l i in Σ * connecting x 0 to y 0 , and call the loop starting from x 0 followed by l i , the boundary of D i (oriented counter clockwise), and the inverse of l i by L i . Recall that in the cover introduced in Sec. 5.1, we have chosen B i,1 , · · · , B i,J to cover the boundary of D i . We extend this cover by C i,0 , C i,1 , · · · , C i,K to cover the path l i such that C i,K = B i,1 . We assume that C 1,0 = C 2,0 = ... = C n,0 , and the disks are chosen to be sufficiently small that there are no nontrivial triple intersections. For each i, we order {C i,k } so that C i,k only intersects C i,k−1 and C i,k+1 nontrivially. We denote an arrow in Q Σ * starting from C i,s to C i,s+1 and C i,s−1 by g i,s,s+1 and g i,s,s−1 , and denote an arrow in Q Σ * starting from B i,t to B i,t+1 by h i,t,t+1 .
Definition 5.5. For
We remark that as G is discrete and F is smooth, F is locally constant. As we have assumed that F maps units of Q Σ to identity of G, we have that
As Definition 5.5, we fix x i , y i , i = 1, · · · , g to be loops in the smooth Riemann surface Σ of genus g based at x 0 , and cover x i and y i by A i,p , B i,q counter clockwise. Let x i,s,s+1 and y i,t,t+1 be the arrows in Q Σ * starting from A i,s and B i,t and ending in A i,s+1 and B i,t+1 , s = 1, ..., J, t = 1, ..., K. Definition 5.6. For i = 1, · · · , g, define F (x i ) and F (y i ) to be
Assume that x i , y i generates the fundamental group π 1 (Σ, x 0 ) satisfying the following relation
where the commutator [x, y] is defined to be xyx −1 y −1 . Similarly, the fundamental group π 1 (Σ * , x 0 ) is generated by
Following Eq. (5.5), as g (j,s),(j,s+1) , h j,t,t+1 , x i,s,s+1 , and y i,t,t+1 all belong to Q Σ * on which the cocycle τ Σ * vanishes, F is a groupoid morphism from Q Σ * to G. Globally, as F is locally constant, F defines a flat principal G-bundle on Σ * . And equivalent classes of morphisms F : Q Σ * → G corresponding to isomorphism classes of flat G-bundles on Σ * . Given x 0 ∈ Σ * , isomorphism classes of flat G-bundles on Σ * are in one-to-one correspondence with the group Hom(π(Σ * , x 0 ), G)/G, where the group G acts on Hom(π(Σ * , x 0 ), G) by conjugation. More concretely, the above map F induces a map F ∈ Hom(π(Σ * , x 0 ), G)/G that maps L j to F (L j ), x i to F (x i ), and y i to F (y i ), where are introduced in Definition 5.5 and 5.6. With the relation (5.6), the corresponding F (x i ), F (y i ), and F (L j ) satisfy the following equation,
Proof. Following Definition 5.5 of F (L j ) and the property that F is a groupoid morphism from Q Σ * to G, we can write
Recall that from Eq. (5.5), we have
Hence, as τ takes value in the center of G, we can write
Multiplying the above equations, we conclude the following equation
To deal with the last two term in the above equation, we recall from Eq. (5.5) that
In summary, we have the following expression for
We can write F (L j ) as
Lemma 5.7 suggests the following definition.
Definition 5.8. The holonomy of the
Remark 5.9. We remark that Definition 5.8 also works for a general Lie group. In particular, we will use this definition later for G = U (1). From a 2-cocycle, we can find a natural connection ∇ τ on Y Σ . Our definition agrees with the holonomy defined by ∇ τ in [19] and [24] .
The following lemma asserts that the above definition is independent of the variable M .
Lemma 5.10. For any
Proof. In Q Σ , the arrows h j,s,s+1 ,g s+1,j,M ,g j,1 are composable. By the cocycle condition for τ , we have
Moving the second term on the left side to the right, we obtain
Multiplying the above equations for s = 1, ..., J, we have
Moving the last term on the right side to the left, we have obtained the desired identity. 
/ / Σ is equal to the cardinality of the quotient of the following set
by the diagonal conjugacy action of G. In the above description, d i is the order of the stabilizer group of Σ at x i and m i d i is the order of the stabilizer group of Σ at x i , i = 1, · · · , n.
Remark 5.12. Suppose G is abelian. It is easy to see that the defining equation of
χ(τ, g, d 1 , · · · , d n ) is unchanged
when two marked points with opposite orbifold structures are identified to form a node. Thus by induction on the number of nodes, for a nodal orbifold Riemann surface Σ, if a lifting
Proof. Lemma 5.7 and Definition 5.8 give the following expression of
. Around x j , the equivalence relation in the definition of the map F :
As a corollary, we can choose F (g 1,j,M +1 ) to be equal to F (l j ) −1 , and conclude that
Inserting the above expression of F (L j ) into Eq. (5.7), we conclude the following equation of
Using Eq. (5.5), we compute F (g i,1 ) 2 to be
Repeat the above computation, we get by using the factg
Therefore, we conclude that the map F : Q Σ → G associated to the mapf : Σ → p * Y Σ , up to an equivalence in the definition of F (g 1,j,1 ), satisfies the conditions in the definition of χ(τ, g, d 1 , · · · , d n ). It is not hard to check that if F 1 and F 2 are equivalent, then the corresponding F (x i ), F (y i ), and F (g j,1 ) are changed by conjugation with respect to a same element g in G. Therefore, we have constructed a natural map H from the set of equivalent classes of maps of F : Q Σ → G to the set
) be a set of choices satisfying the conditions in χ(τ, g,
Over the punctured smooth surface Σ * , the choices of F (x i ), F (y i ), and F (L j ) uniquely determines an isomorphism class of principal G-bundles over Σ * , and by Proposition 5.4 also uniquely determines a mapf from Σ * to Y Σ * := (Y Σ )| Σ * up to equivalence. Using the definition of F on Σ * , we define F (l j ), j = 1, · · · , n, following Definition 5.5. Set F (g 1,j,1 ) to be F (l j ) −1 . Following Eq. (5.5), we set
It is straightforward to check that the above F g s+1,j,M , F g j,M,s+1 , and F g j,1 define an extension of F to a map F : Q Σ → G that induces a groupoid morphismf : Q Σ → H Σ . It is not hard to check that if the choices of (F (x i ), F (y i ), F (g j,1 )) are changed by a conjugation of g in G, the corresponding mapf is changed under equivalence. Therefore, we have constructed a map E from χ(τ, g, d 1 , · · · , d n )/G to the set of diffeomorphism classes of orbifold Riemann surfaces Σ with the desired properties in the statement of theorem. With the definitions of H and E, it is not difficult to check that they are inverse to each other. Therefore we can compute the number of orbifold Riemann surfaces Σ with the covering map p : Σ → Σ and the lifting mapf : Σ → p * Y Σ by the cardinality of the set χ(τ, g, d 1 , · · · , d n )/G.
5.4.
A combinatorial degree formula. Fix a stratum of M g,n (Y, β) by the fixed point data l = (l 1 , · · · , l n ). Let π( l) be the corresponding fixed point data for M g,n (B, β). We provide in this subsection a formula computing the degree of the map
where M ⊂ M parametrizes stable maps with nonsingular domains. The space M g,n (Y, β) parametrizes orbifold stable maps with sections to all marked gerbes, see [2] . Following [4] (with a small change of notations), denote by
the moduli space of n-pointed genus g degree β stable maps to Y without requiring that sections to marked gerbes exist. Forgetting sections gives a map
which exhibits M g,n (Y, β) as the fiber product of the n universal marked gerbes over K g,n (Y, β). Restricting to M g,n (Y, β, l) gives a map
This map has degree 1/w( l), where w( l) is the product of orders of orbifold structures at marked points. Similar discussions apply to M g,n (B, β), giving a map of degree 1/w(π( l)). These maps fit into a commutative diagram
The degree of the top map is the degree of the bottom map times the factor w(π( l))/w( l). In what follows we compute the degree of
where K ⊂ K parametrizes stable maps with nonsingular domains. Let Y y be the stabilizer group at y ∈ Y, and B π(y) be the stabilizer group of π(y) ∈ B. Y y is an extension of B π(y) by G via the Z(G)-valued 2-cocycle τ | π(y) , the restriction of τ on B π(y) . Let l be a conjugacy class of Y y and π(l) be the corresponding conjugacy class of B π(y) . As Y y is a central extension of B π(y) , we have the following description of l.
Lemma 5.13. There are conjugacy classes (g 1 ), · · · , (g k ) of the group G such that the conjugacy class l is of the following form
Proof. Let (g 0 , q 0 ) be an element of l. As the map π : Y y → B π(y) is a group morphism, the image of π(l) is the conjugacy class (q 0 ) of q 0 in B π(y) . Consider the action of B π(y) on G by
By the cocycle condition of τ π(y) , it is not difficult to check that Ad τ q is an action of B π(y) on G. Let {g 1 , · · · , g k } be the orbit of g 0 with respect to the action Ad τ q of the group B π(y) . Consider an arbitrary (g, q) in Y y . Then (g, q)(g 0 , q 0 )(g, q) −1 can be computed as
The element g Ad τ q (g 0 )g −1 belongs to the conjugacy class of one of the g 1 , · · · , g k . This completes the proof of the lemma.
For a group element h = (g, q) ∈ Y y , we use h G to denote the element g ∈ G. Lemma 5.13 suggests the following definition.
Definition 5.14. Let l y be a conjugacy class of the stabilizer group Y y of Y at y. Let l y be the collection of conjugacy classes
Denote (c 1 , · · · , c n ) ∈ Z(G) ×n by c and (h 1 , · · · , h n ) ∈ G ×n by h. By Theorem 5.11, to compute the degree for the map p l , we need to consider the following set
Then the degree of p l is the cardinality of the following union
Proof. By Theorem 5.11, the degree of the map p l is the set of diffeomorphism classes of orbifold Riemann surfaces Σ together with the structures p : Σ → Σ with the structures p : Σ → Σ andf : Σ → p * Y Σ , and the stabilizer group of Y Σ at the i-th marked point is a cyclic group of order d i generated by an element in (g ij i ) for j i = 1, · · · , K i and all possible d i . By Lemma 5.13, l i is the union of (
. And Theorem 5.11 implies that the above set of diffeomorphism classes is isomorphic to the following union
Define the following set
Similar to the above discussion, the group G acts on Ω τ, g, c, (
Then the degree of p l is the cardinality of Lemma 5.15 , it is enough to prove that given any σ i ∈ (g ij i ), there is a unique m i such that
This follows from the fact that m i d i is the order of the element (σ i , π(l i )) in the finite stabilizer group Y y i of Y at y i .
The cardinality of the set
is computed by Eq. (B.10) to be
Recall that, for α ∈ G, α c ∈ C is defined as follows: as c ∈ Z(G), Schur's lemma implies that α(c) ∈ GL(V α ) is a scalar multiple α c Id Vα . As a corollary, we have reached the following theorem.
Theorem 5.17. The degree of the map
is equal to
where c is 
uw as a sum of irreducible cycles:
then there are rational numbers m 1 , ..., m s such that the pushforward of the unweighted virtual class
The weighted virtual class satisfies
We need to show that
w(π( l)) for i = 1, ..., s. For each i = 1, ..., s, the number m i is computed by counting the number of liftings C → Y of a given [C → B] ∈ M (B) i , up to a factor w(π( l))/w( l). Therefore we only need to show that this counting is independent of the components of M g,n (B, β; π(l 1 ), ..., π(l n )). This counting for nonsingular domains C is solved in Theorem 5.17. To show the needed independence of components of M g,n (B, β; π(l 1 ), ..., π(l n )), it suffices to show that the solution to the counting problem given in Theorem 5.17 is also valid for maps C → B with nodal domains C.
We argue as follows. First consider a map C → B whose domain C is a connected orbifold Riemann surface of genus g with a single node p ∈ C obtained by identifying two points p 1 , p 2 ∈ C ′ on a connected nonsingular Riemann surface C ′ of genus g − 1. Liftings of C → B are in bijection with liftings of C ′ → C → B, where C ′ → C is the gluing map. Since C ′ is nonsingular, Proposition 5.16 applies to show that the number of isomorphism classes of liftings of C ′ → C → B is given by
Here ... stands for data coming from orbifold structures at the marked points of C, and the first summation 
So the number of isomorphism classes of liftings of C ′ → C → B is given by ... Ω G g (...), which agrees with the answer for nonsingular domains obtained in Theorem 5.17.
A similar argument proves that Theorem 5.17 is also valid for maps C → B with domain a connected orbifold Riemann surface C with a single node p ∈ C obtained by gluing two nonsingular orbifold Riemann surfaces C 1 and C 2 along p 1 ∈ C 1 , p 2 ∈ C 2 .
By the above two cases, and induction on the number of nodes, Theorem 5.17 is proven to be valid for maps C → B with C any nodal Riemann surface. APPENDIX A. VIRTUAL PUSHFORWARD PROPERTY Let p : X 1 → X 2 be anétale morphism of smooth projective Deligne-Mumford stacks. Consider the induced map
obtained by composing a stable map to X 1 with p. 
The idea of proof is to apply [21, Proposition 3.14] . Consider the following diagram:
(c) The map C 1 → C 2 is an isomorphism over the generic locus
(d) For an orbifold marked point p 1 ∈ C 1 which maps to p 2 ∈ C 2 , the component of IX 1 labeling p 1 must map to the component of IX 2 labeling p 2 under the natural map Ip :
The square in (A.1) is Cartesian, in particular commutative. So the space M can be identified as
We explain the chain of maps in the above computation.
(1) The isomorphism in the second line follows from Rρ * Lρ * ≃ Id, which follows from
The isomorphism in the third line follows from u = u ′ • ρ.
The isomorphism in the fourth line follows from p
The isomorphism in the fifth line follows from T X 1 = p * T X 2 , which is because p isétale. Write φ for the map obtained in Eq. (A.3) . The following commutative diagram can then be deduced by standard arguments:
Because the relative tangent bundle of p is 0, the arguments of [21, Proposition 4.9] applies to show that the cone of φ is a perfect complex. Given the above discussions, we conclude the result of Proposition A.1 from [21, Proposition 3.14].
APPENDIX B. A COUNTING RESULT
Let G be a finite group. Let g, n be integers with g ≥ 0 and n > 0. Given a collection (g 1 ), ..., (g n ) of conjugacy classes of G, we consider the following set
In this appendix we prove the following formula:
Remark B.2 (Alternative expression). Since the size of a conjugacy class
we can rewrite Eq. (B.3) as
Remark B.3 (Special cases).
( (g, n) = (0, 2) ). In order for (B.2) to hold, we must have (g 2 ) = (g B.1. Proof of Proposition B.1. By the above remark, we assume 2g − 2 + n > 0. We begin with a number of definitions, mostly taken from [16] .
So (B.3) holds in this case. (b) (
For a conjugacy class (g), define e (g) := g • ∈(g) g • . Clearly e (g) is an element of Z(C * (G)), where Z(C * (G)) is the center of the group algebra C * (G) of the group G. Under the identification Z(C * (G)) ≃ H * orb (BG, C) in [16, Corollary 3.3] , e (g) is identified with 1 (g) , the fundamental class of the component [pt/C G (g)] of the inertia orbifold of BG.
For α ∈ G, define ν α = (dim V α /|G|) 2 and e (g 1 ) ) , ..., τ an (e (gn) ) g . e (g 1 ) ) , ..., τ an (e (gn) ) g = Ω G g ((g 1 ) , ..., (g n )) τ a 1 , ..., τ an g .
Since we can choose a 1 , ..., a n such that τ a 1 , ..., τ an g = 0, we obtain the following system of equations:
(B.7) In what follows, we prove Eq. (B.3) by solving the system introduced in (B.7). Define a matrix A as follows. Columns of A are indexed by n-tuples ((g 1 ), ..., (g n )) of conjugacy classes, and rows of A are indexed by n-tuples (α 1 , ..., α n ) ∈ G n . The entry of A on the column ((g 1 ), ..., (g n )) and row (α 1 , ..., α n ) is n i,j=1 χ α i (g −1 j ). A is a matrix of size C n × C n , where C is the number of conjugacy classes of G.
Let Ω be the column vector whose entries are indexed by n-tuples ((g 1 ), ..., (g n )) of conjugacy classes, such that the entry at ((g 1 ), ..., (g n )) is Ω G g ((g 1 ), ..., (g n )). Let ν be the column vector whose entries are indexed by n-tuples (α 1 , ..., α n ) ∈ G n , such that the entry at (α 1 , ..., α n ) is ν g (α 1 , ..., α n ). Then Eq. (B.7) reads AΩ = ν g .
Define a matrix B as follows. Columns of B are indexed by (α 1 , ..., α n ) ∈ G n , and rows of B are indexed by n-tuples n-tuples ((g 1 ), ..., (g n )) of conjugacy classes. The entry of B on the column (α 1 , ..., α n ) and row ((g 1 ), ..., (g n )) is Here, for α ∈ G, we define α c ∈ C as follows: Since c ∈ Z(G), Schur's lemma imply that α(c) ∈ GL(V α ) is a scalar multiple α c Id Vα .
Proof of (B.10).
Since c is a central element, multiplication by c gives a bijection between the conjugacy classes (g) and (cg). It follows that Ω G g,c ((g 1 ), ..., (g n )) = Ω G g ((cg 1 ), (g 2 ), ..., (g n )). By (B. Since c ∈ Z(G), we have |C G (cg 1 )| = |C G (g)| and χ α (cg 1 ) = α c χ α (g 1 ). The result follows.
APPENDIX C. TWISTED GW INVARIANTS OF BG
Let G be a finite group, and let c be a flat U (1)-gerbe over BG = [pt/G]. The construction of [24] applies to this setting to define c-twisted Gromov-Witten theory of BG. The purpose of this appendix is to solve this theory.
The inertia orbifold of BG is decomposed as
where the disjoint union is taken over conjugacy classes (g) of G, and C G (g) ⊂ G is the centralizer subgroup of g ∈ G. The flat U (1)-gerbe c defines a line bundle L c → IBG, see [24] and [26] for its construction. Classes in the cohomology H • (IBG, L c ) of IBG with coefficients in L c will be used in c-twisted Gromov-Witten theory of BG. Let M g,n (BG) be the moduli space of n-pointed genus g stable maps to BG. The evaluation maps at marked points, ev i : M g,n (BG) → IBG, take values in the inertia orbifold IBG . For g 1 , . .., g n ∈ G, define M g,n (BG; (g 1 ), ..., (g n )) := ∩ n i=1 ev
, which is assumed to be non-empty. There is a natural projection π : M g,n (BG; (g 1 ), ..., (g n )) → M g,n to the moduli space of n-pointed genus g stable curves. Descendant classes on M g,n are denoted by ψ 1 , ..., ψ n .
According to [24, Section 5.2] , the line bundle ⊗ n i=1 ev * i L c on M g,n (BG; (g 1 ), ..., (g n )) admits a trivialization θ (g 1 ),...,(gn) : ⊗ n i=1 ev * i L c → C. For classes α 1 , ..., α n ∈ H • (IBG, L c ) and integers a 1 , ..., a n ≥ 0, the authors of [24] define the c-twisted Gromov-Witten invariants to be 
